
Volumes of Solids of Revolution: Shells

We are going to learn how to use integrals to calculate the volume of a solid via the shell method.
Let’s begin by sketching the graph of the function f(x) = x2 between x = 0 and x = 2, making
sure to label the x- and y-axes. Also draw the line x = 2 and shade in the region bounded by
f(x), x = 2, and the x-axis

Imagine rotating this shaded region around the y-axis one time. Sketch the solid of revolution
obtained by revolving our region around the y-axis (and make sure to label the x- and y-axes).

Slicing this object up and trying to find the volumes of the cross-sectional pieces would be much
more difficult than it is for some other solids, so let’s look for another way to find this volume.
If we consider dx, an infinitesimally small section of the x-axis (somewhere between x = 0 and
x = 2), and its associated rectangle under f(x), we can figure out the volume that this rectangle
sweeps out as it is rotated around the y-axis. Indicate some dx and its associated rectangle on
the sketch of f(x) at the top of the page. What solid will this create when we rotate it around
the y-axis? Draw this resulting solid (shell, or in this case, ring).

What is the height of the shell?

What is its radius?

Imagine slicing this shell along its height in one place and laying it out flat. Draw the resulting
solid and label its dimensions (height, length, and thickness). (The circumference of a circle is
given by C = 2πr).

What is the volume of this shell?

Now we just need to add up the volumes of our infinitely many shells, each of which came from a
rectangle of infinitesimal width dx between x = 0 and x = 2. Write an expression for the volume
of our solid of revolution in terms of a definite integral.
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Now calculate the definite integral and find the volume of the solid.

Using the formula we just derived (V =

∫ b

a

2πxf(x) dx), find the volume of the solid created by

revolving the region bounded by y =
√
x, x = 4, and the x-axis around the y-axis.
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