
Definite Integration

Consider the following function:
f(x) = 100− 3x2

Sketch the graph of this function on the interval from x = 1 to x = 5 (clearly marking x = 1 and
x = 5 on the x-axis).

Let’s approximate the area under this curve on the given interval using four rectangles. How wide
will each rectangle be?

Supposing we decide to use the function-value at the right-hand side of each rectangle to determine
its height, draw the rectangles on the sketch above. Is this an over- or under-estimate?

What are the four x-values we will use to determine the heights?

What are those corresponding heights?

What is the approximate area under the curve on [1, 5]?
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Definite Integration

Let’s try to generalize this for different functions and different numbers of rectangles. Suppose
we want to make our rectangles by dividing the interval on the x−axis from x = a to x = b into
n equal pieces, all of width ∆x. Find an expression for the rectangle width ∆x in terms of a, b,
and n.

Suppose that we want to determine the height of our rectangles using the function value on their
right-hand sides. If we call the x-value of the right-hand side of the ith rectangle xi (so that the
first rectangle’s right-hand side is at x1, the second’s is at x2, and so on), find an expression for
xi in terms of a, i, and ∆x.

In terms of our function f and our x-values xi, what is the height of the ith rectangle?

What is the area of the ith rectangle?

Using summation notation, write an expression for the area of the n rectangles that approximate
the area under f(x) from x = a to x = b in terms of f , xi, ∆x, and n. This is called a Riemann
sum.

We know that as we use more and more rectangles (i.e., as n gets larger), we get a better estimate
for the actual area under f(x) on [a, b]. Write an expression for the actual area under the curve

as a limit of Riemann sums as n→∞. This is the definition of the definite integral,

∫ b

a

f(x) dx.

Using the definition of the definite integral as a limit of Riemann sums, compute the following
integral. ∫ 5

1

(100− 3x2) dx
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